We study an 't Hooft anomaly of massless QCD at finite temperature. With the imaginary baryon chemical potential at the Roberge-Weiss point, there is a Z 2 symmetry which can be used to define confinement. We show the existence of a mixed anomaly between the Z 2 symmetry and the chiral symmetry, which gives a strong relation between confinement and chiral symmetry breaking. The anomaly is a parity anomaly in the QCD Lagrangian reduced to three dimensions. It is reproduced in the chiral Lagrangian by a topological term related to Skyrmion charge, matching the anomaly before and after QCD phase transition. The effect of the imaginary chemical potential is suppresssed in the large N expansion, and we discuss implications of the 't Hooft anomaly matching for the nature of QCD phase transition with and without the imaginary chemical potential. Arguments based on universality alone are disfavored, and a first order phase transition may be the simplest possibility if the large N expansion is qualitatively good.
Introduction and summary
QCD phase transition is a very important problem in high energy physics and cosmology, and it is also an extremely difficult problem. Until recently, there were almost no rigorous results about the nature of QCD phase transition. There have been mainly two approaches to the problem. One approach is numerical lattice simulation, and the other is by assuming effective theories of Landau-Ginzburg type based on the argument of universality.
At the point of physical quark masses, what is often said is that the QCD phase transition is cross-over, i.e., there is no definite phase transition and thermodynamic quantities behave smoothly as the temperature is changed. This is suggested by lattice simulations [1, 2] . It is also suggested by the argument of universality in chiral symmetry breaking SU(2) L × SU(2) R → SU(2) if the up and down quark masses m u,d are regarded as small (but nonzero) and the strange quark mass m s as heavy [3] . In that case, the phase transition may be second order in the limit m u,d → 0 if we assume universality, 1 and the small nonzero m u,d change the transition from second order to cross-over.
However, because of difficulties of numerical lattice simulation in small quark mass region, it is important to study the overall picture rather than just specific quark masses, and perform consistency checks to really firmly establish such results. For example, we can vary quark masses to study the so-called Columbia plot of QCD phase diagram, and we can also vary the baryon chemical potential as a continuous parameter. See e.g. [8] for a review.
In fact, some of the results obtained so far are still not consistent with each other. For example, it is not yet clear whether the phase transition is first order or second order in the chiral limit m u,d → 0 or m u,d,s → 0, and different studies give different results. For brief summaries of the current situation, see e.g. [9, 10] .
Because of the above situation, it is important to find rigorous results which do not rely on numerical simulation or the assumption of universality. It was difficult to obtain such rigorous results in finite temperature cases. However, a great progress was made towards this direction in [11] . In that work, pure Yang-Mills theories with the topological θ angle at θ = π have been studied at finite temperature, by using 't Hooft anomalies. By an 't Hooft anomaly, we mean an anomaly of global symmetries which exists if the global symmetries are gauged, as in the 't Hooft's consideration of chiral symmetry breaking by using the anomaly of the chiral symmetry SU(N f ) L × SU(N f ) R (see [12] for a standard textbook). In [11] , a very subtle 't Hooft anomaly was found which survives even in finite temperature case, and it is used to severely constrain the nature of the phase transition in pure YangMills theories. Such subtle 't Hooft anomalies are very useful for four dimensional gauge theories as well as lower dimensional strongly coupled systems.
For the applications to QCD phase transition, the most relevant anomaly found so far is the one discussed in [17] (see also [23, 25] ). In the present paper, we further study this direction (but the present paper is more elementary and self-contained). In [17] , a subtle anomaly has been found when there is an imaginary baryon chemical potential µ B at a special value µ B = π, 2 where µ B is normalized to be dimensionless. Finite temperature QCD with imaginary chemical potential is a very important subject, and has been studied extensively (e.g. ). One of the motivations is that it is related by analytic continuation to real chemical potential, and imaginary chemical potential has no sign problem. However, the imaginary chemical potential is also useful for the study of QCD phase transition at zero chemical potential. As mentioned above, it is helpful to study the overall picture of phase diagram when various parameters are changed, such as µ B . In particular, the value µ B = π is special because confinement and deconfinement can be precisely defined at that value. In SU(N c ) Yang-Mills theory without quarks, the confinement/deconfinement is characterized by the center symmetry Z Nc . A well-known problem in QCD with fundamental quarks is that the center symmetry is explicitly broken and hence confinement/deconfinement is not precisely defined. However, at the special value µ B = π, there is a Z 2 symmetry [110] which can be used as a kind of center symmetry as we will review later in this paper. We denote this symmetry as Z center 2 and call the 2 In [17] , also a speculative discussion was given about the case of zero chemical potential. In any case, the effect of the imaginary chemical potential is sub-leading in the large N expansion as we discuss later.
Deconfinement
Confinement } composite isolated 6 = 0 Figure 1 . How to define confinement. Here Q probe is the probe quark representing the Polyakov loop, and q is a dynamical anti-quark. In the confinement phase (Right) the baryon number B is always integer and hence e iπB = ±1 ∈ R, while in the deconfinement phase (Left) it is not necessarily integer because quarks have fractional baryon number 1/N c and hence e iπB ∈ C.
point µ B = π as the Roberge-Weiss point [110] . Then the phase structure is much more clear at this value because of the well-definedness of confinement/deconfinement. See also [23, 25, [111] [112] [113] [114] [115] [116] [117] [118] [119] [120] for flavor-dependent imaginary chemical potential in which the center symmetry is preserved. Intuitively the reason that confinement is well-defined at µ B = π is explained as follows, whose details will be discussed later in this paper. Let L be the Polyakov loop operator (i.e., Wilson loop operator in the direction of the thermal circle S 1 ). This operator L includes µ B (regarded as a background field for baryon symmetry) as well as the usual color gauge fields. The Polyakov loop may be considered as a world-line of a probe quark (or "heavy quark" put by hand). Its vacuum expectation value behaves, intuitively, as L ∼ exp(−βE q + iµ B B)
(1.1)
where β = T −1 is the inverse temperature, E q is the energy of a probe quark (up to "bare mass of the heavy quark"), B is the baryon number of the probe quark (see below for more discussion), and µ B is the imaginary chemical potential. In the absence of dynamical quarks, confinement means that an isolated probe quark has an infinite energy E q → +∞ and hence confinement (deconfinement) is defined by L = 0 ( L = 0). However, in the presence of dynamical quarks, the probe quark is screened by dynamical anti-quarks as in the right of Figure 1 and hence L = 0 in any phase. However, let us introduce µ B = π. Then the phase of L is given by exp(iπB). For gauge invariant composites as in the right of Figure 1 the total baryon number is integer and hence exp(iπB) is real. On the other hand, for an isolated quark as in the left of Figure 1 the baryon number is not integer, B = 1/N c , and hence exp(iπB) is imaginary. Therefore, the imaginary part Im L is a good order parameter for a criterion of confinement. Now, there is a Z 2 symmetry which changes the direction of the thermal circle S 1 . Then the Polyakov loop is complex conjugated,
used to define confinement chiral symmetry mixed anomaly 
The Im L is the order parameter of this Z center 2 . We define confinement phase as a phase in which Z center 2 is unbroken, L = 0. We will show in this paper that there is a mixed anomaly between the Z center 2 symmetry and the chiral symmetry SU(N f ) L × SU(N f ) R . This gives a direct strong relation between confinement and chiral symmetry breaking, extending the original results of 't Hooft. See Figure 2 .
The existence of the 't Hooft anomaly puts severe constraints on the nature of phase transition, because the theory at any temperature must have the same 't Hooft anomaly. Such an anomaly immediately excludes the simplest scenario of chiral phase transition based on the universality alone, at least at the Roberge-Weiss point µ B = π. Moreover, we will see that the effect of µ B is only sub-leading in the large N expansion. Therefore, the constraints obtained at µ B = π may have important implications even for the case µ B = 0 if the large N expansion is qualitatively good. Large N analysis is at least qualitatively good in QCD at zero temperature, so we may hope that it is also useful at finite temperature.
Summary of the results. Let us summarize the results of the present paper, which confirm and strengthen the results in [17] by more elementary arguments.
In section 2 we see that finite temperature QCD at the Roberge-Weiss point µ B = π has a parity anomaly [121] [122] [123] [124] between Z center 2 (which will be realized as a parity symmetry in three dimensions after the reduction on the thermal circle S 1 ) and the chiral symmetry SU(N f ) L × SU(N f ) R . This is the anomaly shown in Figure 2 .
In section 3 we will reproduce the parity anomaly in the effective theory of pions (i.e. chiral Lagrangian) from the Wess-Zumino-Witten term. In particular, a term related to the topological charge of Skyrmions plays the crucial role. The importance of the Skyrmion charge in QCD anomalies was already recognized in [125, 126] , and it was used in more sophisticated way in a recent work [38] at zero temperature.
In section 4 we will discuss implications of the anomaly for possible scenarios of QCD phase transition at µ B = π, and extrapolate that discussion to µ B = 0 in the large N expansion. At µ B = π, a first order transition may be the most natural scenario of SU(N c ) QCD phase transition for generic flavor numbers N f < ∼ N c , although the anomaly itself allows more exotic scenarios such as a deconfined U(1) gauge field, chiral symmetry breaking in deconfining phase, and so on. If it is a first order transition, then the result may be unchanged for µ B = 0 as far as the large N analysis is qualitatively valid.
Anomaly of QCD Lagrangian
We consider the standard QCD-like theories with general color and flavor numbers N c and N f . It is the SU(N c ) gauge theory with N f flavors of quark fields Ψ in the fundamental representation of SU(N c ). The Lagrangian is
where (F C ) µν is the field strength of the SU(N c ) gauge fields A C , 3 γ µ are gamma matrices with {γ µ , γ ν } = 2δ µν in Euclidean space, and
The full symmetry group of this theory is a bit complicated, and in this paper we use only partial information. Including the gauge as well as some of the global symmetry groups, the quark fields are acted by
Here SU(N f ) L and SU(N f ) R are the standard chiral symmetry. They act on the left and right handed quarks
The D is a subgroup of the center of the group
which acts trivially on the quark fields Ψ. More explicitly it is generated by elements c 1 , c 2 ∈ D given by
These c 1 and c 2 act trivially on the quarks and gluons. The symmetry group which acts on gauge invariant operators can be obtained by omitting the gauge group SU(N c ) in H. We get
Here, the baryon number symmetry U(1) B is given by
where Z Nc is generated by the element c 1 above. The quark fields have charge 1/N c under this U(1) B . The C = Z N f is generated by c 2 . In terms of U(1) B rather than U(1) V , it is given by
This c 2 acts trivially on all gauge invariant operators.
3 Gauge fields are taken to be anti-hermitian, e.g. F † µν = −Fµν throughout the present paper.
Baryon imaginary chemical potential at the Roberge-Weiss point
We introduce an imaginary baryon chemical potential µ B in the thermal partition function. Our motivation for introducing it is to make the concept of confinement well-defined as in Figure 1 , and to obtain a concrete 't Hooft anomaly in the finite temperature situation as in Figure 2 ; see Sec. 1 for more discussions. However, we emphasize that the effect of the imaginary chemical potential is sub-leading in the large N expansion, and hence our anomaly may also have implications for the case of zero chemical potential. We discuss these points in more detail in Sec. 4 . The thermal partition function in the presence of µ B is defined by
where H is the Hamiltonian, T = β −1 is the temperature, Q B is the baryon charge operator normalized in such a way that quarks have charge Q B = 1/N c , and the trace is taken over the Hilbert space. Notice that we have normalized µ B to be dimensionless which is different from the standard normalization of chemical potentials. (The standard chemical potential is given by T µ B in our notation.) Also notice the imaginary unit i = √ −1 in front of µ B . Thus this is an imaginary chemical potential.
In Euclidean path integral, the above thermal partition function is obtained by the path integral on S 1 × M 3 , where S 1 is the thermal circle of circumference β, and M 3 is the spatial manifold (e.g. M 3 = R 3 ). In this description, the imaginary chemical potential µ B is realized as a background U(1) B gauge field A B = (A B ) µ dx µ . In this paper we always take Lie algebra generators T a to be anti-hermitian for mathematical simplicity, and in particular gauge fields A = T a A a satisfy A † = −A. The A B is pure imaginary in this convention. Then µ B is introduced as
(2.10)
Let us notice the following point. The quark fields are coupled to the combination of the dynamical gauge field A C and the background U(1) B field A B as A C + 1 Nc 1 Nc A B , where 1 Nc is the unit N c × N c matrix. In particular, the Wilson line around S 1 is
where
The W quark is what is relevant for the dynamics of the quarks. In the absence of the quarks, the pure SU(N c ) Yang-Mills theory has the so-called center symmetry whose generator acts on W C as W C → e 2πi/Nc W C up to gauge transformations. This is not a symmetry any more in the presence of the quarks, because the quark path integral is not invariant under this transformation. However, this center symmetry still has some relevance in the presence of the quarks. To see this, let us shift the background µ B as µ B → µ B + 2π. This can be compensated by the shift of the dyamical gauge fields as W C → e −2πi/Nc W C so that W quark is invariant. This means that the thermal partition function is invariant under the shift of the imaginary chemical potential as [110] Z(T, µ B + 2π) = Z(T, µ B ).
(2.13)
The above discussion is related to the fact that in the symmetry group (2.2) we divide the group SU(N c ) × U(1) V by the group generated by c 1 in (2.4). The W C and e iµ B /Nc are elements of SU(N c ) and U(1) V , and there is an equivalence relation (W C , e iµ B /Nc ) ∼ (e 2πi/Nc W C , e −2πi/Nc e iµ B /Nc ). Another (equivalent) way of showing the periodicity (2.13) is as follows. All gauge invariant states have integer baryon charges, Q B ∈ Z. The µ B appears in the thermal partition function as e iµ B Q B , and hence it is invariant under µ B → µ B + 2π.
Among the possible values of µ B , the value µ B = π mod 2π is special as we explain now, and we call it the Roberge-Weiss point [110] . We have the time-reversal symmetry (in the Euclidean sense) which changes the S 1 coordinate x 4 as x 4 → −x 4 . Or more simply, we may combine it with a reflection of one of the coordinates of the space M 3 as e.g.
Then it is a part of the Lorentz group in four dimensions. We call it a three dimensional reflection symmetry and denote it as R;
This changes µ B → −µ B . However, by the periodicity (2.13), the value µ B = π is invariant under this transformation. Thus R is a symmetry of the theory even in the presence of µ B = π. The R is a symmetry at µ B = 0 as well as at µ B = π. However, there is something special about µ B = π. The symmetry R can be used as a criterion of confinement at the Roberge-Weiss point µ B = π by the following reason. The R is a symmetry at µ B = π due to the periodicity (2.13), and this periodicity is realized by using the shift W C → e 2πi/Nc W C . Then, the R essentially uses the center symmetry of the gluonic degrees of freedom. Therefore, it can be used to define confinement.
Under this symmetry R, the Wilson line W quark transforms up to gauge transformation as
in addition to the coordinate change x 3 → −x 3 . This is because the direction of the integration in (2.11) is changed by x 4 → −x 4 . Therefore, the imaginary part of the Polyakov loop operator
is an order parameter of the symmetry breaking. It is spontaneously broken in deconfinement phase, and preserved in cofinement phase. Indeed, it is spontaneously broken at high temperature phase [110] as we will see in Sec. 4. On the other hand, in the low temperature limit T → 0, the R is just a part of the four dimensional Lorentz symmetry as mentioned above and it is preserved. More intuitively, we may understand the physical situation as follows. The Polyakov loop L = tr c W quark can be regarded as a world-line of a "heavy quark" which is introduced as a probe. In deconfinement phase, its vacuum expectation value is given as L ∼ exp(−βE q + iµ B /N c ), where E q < +∞ is the energy of the color fluxes created by the probe quark. The appearance of 1/N c is due to the fact that the heavy probe quark is given the baryon number 1/N c . Because of exp(iµ B /N c ), there is a nonzero imaginary part of L in the deconfinement phase. On the other hand, in confinement phase, the probe quark is combined with a dynamical anti-quark to make a color singlet state. (See Figure 1 of Sec. 1.) This can be interpreted as a meson which consists of the heavy probe quark and a light dynamical anti-quark. The probe quark can also be combined with N c − 1 dynamical quarks to make a color singlet. This is a baryon consisting of the heavy quark and N c − 1 light quarks. Of course there are other possibilities, but the point is that these color singlet states always have integer baryon charges Q B ∈ Z. Therefore, exp(iµ B Q B ) is just a sign (−1) Q B at the Roberge-Weiss point µ B = π and the imaginary part of L is zero. In this way, we can use Im L (or more precisely the symmetry R) as a criterion of confinement/deconfinement.
Parity anomaly in three dimenions
In this subsection, we will show that in the finite temperature QCD with µ B = π, there is a parity anomaly. Let us briefly recall the parity anomaly in three dimensions [121] [122] [123] [124] . Suppose that we have a fermion ψ coupled to an SU(N f ) background gauge field A in the fundamental representation with the Lagrangian
where D i = ∂ i + A i is the covariant derivative in three dimensions, and σ i are three dimensional gamma matrices (e.g. Pauli matrices).
On the fermion, we can define a reflection x 3 → −x 3 as
It is easy to check that the kinetic term is invariant under this R. On the other hand, the mass parameter changes the sign as m → −m. Therefore, if m = 0, the theory has the reflection symmetry R at the classical level. Let us consider it at the quantum level. Including the Pauli-Villars regulator contribution, the fermion path integral is given by 19) where M → ∞ is the regulator mass. Now, we can see that even if m = 0, the reflection R is violated by the regulator mass M . Assuming that the gauge field A is topologically trivial, the change of the partition function before and after the action of R is given by [121] [122] [123] [124] 
Here CS(A) is the Chern-Simons invariant
where the trace is taken in the fundamental representation of SU(N f ). This is the famous parity anomaly. More precise treatment [123, 124] requires the Atiyah-Patodi-Singer η-invariant [127, 128] , but we only consider the above rough version in this paper.
If there are K copies of the fermion in the fundamental representation of SU(N f ), the above anomaly becomes KCS(A). We may try to cancel this anomaly by adding a local counterterm to the action given by
This term is odd under R and changes by [(−K/2) − (K/2)]CS(A) = −KCS(A) which cancels the anomaly (2.20). This counterterm has no problem if
However, if K is odd, it is not gauge invariant. Under the gauge transformation
the CS changes as
The integral
tr f (g −1 dg) 3 is known to be integer (for topologically trivial SU(N f ) bundle) and it can take the unit value 1 ∈ Z. For such g, the term K 2 CS(A) changes by πiK, so it is not gauge invariant modulo 2πi if K is odd. Therefore, we conclude that the true anomaly is characterized by
which cannot be cancelled by local counterterms. We want to consider the parity anomaly of the theory which is obtained from the four dimensional QCD after the compactification on the thermal circle S 1 . The four dimensional symmetry (2.14) is reduced to a reflection symmetry x 3 → −x 3 in three dimensions. Weyl fermions in four dimensions becomes Dirac fermions in three dimensions, and the transformation (2.14) in four dimensions acts on the fermions as in (2.18) .
For simplicity, we compute the anomaly when the configuration of the SU(N c ) gauge field A C preserves the symmetry R; such A C are not at the potential minima (see Sec. 4), but the anomaly is expected to be independent of A C because there is no anomaly involving A C and hence computations for any A C should give the general result.
For a configuration of A C which preserves R, the Wilson line W quark must be hermitian W † quark = W quark because of (2.15). In addition, it is a unitary matrix because it is defined as a holonomy of the gauge field. Then, up to gauge transformations, W quark must be a diagonal matrix with the eigenvalues either +1 or −1. Let K be the number of the negative eigenvalue −1. Because W quark = e iµ B /Nc W C and W C ∈ SU(N c ), we have 2.26) and hence K = µ B /π mod 2.
We are considering the thermal partition function, and hence the fermions have the anti-periodic boundary condition on S 1 if the gauge fields are trivial. However, for the components of the fermions coupled to the eigenvalue (−1) of W quark , the gauge Wilson line gives an additional anti-periodicity 4 and it cancels against the original anti-periodicity so that these fermions have the periodic boundary condition on S 1 . Therefore, there are K massless fermions in three dimensions from each of the left-handed fermion ψ L = (1+γ 5 ) 2 Ψ and the right-handed fermion
Ψ. They are coupled to the background fields A L and A R for the chiral symmetries SU(N f ) L and SU(N f ) R , respectively, and contribute to the parity anomaly in the three dimensional space M 3 after the compactification on S 1 .
If we preserve the symmetry R by introducing an appropriate counterterm, the gauge invariance is broken by an amount characterized by 27) where the coefficients of CS(A L ) and CS(A R ) are meaningful only modulo 1.
In particular, when µ B = π, the K is odd as discussed above. Therefore, we get a parity anomaly given by (2.27) . Notice that the chiral symmetry is essential because this anomaly vanishes if we take A L = A R .
In summary, we found the following mixed anomaly. We define Z center 2 symmetry 5 as generated by R,
As discussed above, this symmetry involves the center symmetry of the gluonic degrees of freedom, and hence it can be used to define confinement even in the presence of dynamical quarks. Then there is a mixed anomaly between Z center 2 and the chiral symmetry Figure 2 of Sec. 1. Compared with the original 't Hooft anomaly of the chiral symmetry at zero temperature, our anomaly gives more direct relation between the two important concepts in QCD: confinement and chiral symmetry breaking. 4 Locally, we can take a temporal gauge in which A4 = 0. Then, globally the effect of the gauge field is represented by additional factor of W quark in the boundary condition.
5 Strictly speaking, the R generates Z4 when it acts on fermions. This symmetry is embedded in Pin
group which is obtained from the dimensional reduction of the Lorentz group Spin(4) in four dimensions.
Anomaly of chiral Lagrangian
In this section, we study the effective theory of the Goldstone bosons of chiral symmetry
. We reproduce the parity anomaly which was found in the previous section. The Wess-Zumino-Witten (WZW) term plays the crucial role. Let us recall the effective Lagrangian of Goldstone fields, which we call the chiral Lagrangian. We represent the Goldstone fields by an N f × N f unitary matrix U ∈ SU(N f ). In the following, we simply call the Goldstone bosons U as pions, although the flavor number N f is arbitrary in our discussions. The (Euclidean) effective action of the pion field is given by
where f π is the pion decay constant (whose normalization is irrelevant in the present paper), D µ is the covariant derivative in the presence of background fields for global symmetries, and S WZW is the Wess-Zumino-Witten (WZW) term which we discuss in detail below.
The Wess-Zumino-Witten term
Here we would like to describe the WZW term. The massless QCD contains the left-handed fermions ψ L and the right-handed fermions
be the gauge fields which are coupled to them. Namely, the covariant derivatives on ψ L and ψ R are given by
respectively. They contain background gauge fields for global symmetries as well as dynamical gauge fields for SU(N c ). More explicitly, let A C be the SU(N c ) dynamical gauge field, A L and A R be the SU(N f ) L and SU(N f ) R background fields, and A B be the U(1) B background fields. Then, A L and A R are given by
The perturbative anomaly is characterized by the anomaly polynomial in six dimensions obtained by the standard descent equations (see e.g. [12] ). The anomaly polynomial 6-form is given as
R are the field strength 2-forms, and the trace is taken in the representation of the quarks ψ L and ψ R . Although we have taken A L and A R to include the dynamical SU(N c ) gauge field, it disappears from I 6 because SU(N c ) has no anomaly and hence we can neglect the dynamical field of SU(N c ) in the following discussions. 6 Let U be the unitary matrix of the pion field. We can mathematically describe it by using the matrices (
Here, g L and g R are elements of global symmetries, but g H is a gauge symmetry transformation. The matrix which is gauge invariant under the hidden local symmetry SU(N f ) H is given by
This is the representation of the pion field U as a field whose target space is the coset
R transform in the same way under gauge transformations. The fields A L and A R transform as
Then by a straightforward computation we see that
transform in the same way under the color gauge group SU(N c ) and the baryon number
R transform in the same way under any gauge transformation. Mathematically, this means that they are connections of the same bundle whose structure group is SU(N c ) × SU(N f ) H × U(1) B (up to global structure). 6 One may think that it is simpler to set the gauge field AC to be zero in I6 from the beginning.
However, the presence of AC could be important for some purposes. For example, we can introduce a nontrivial magnetic flux of AB with unit flux over some cycle. If the flux is not a multiple of Nc, the introduction of such a flux forces the SU(Nc) gauge field to be nonzero for mathematical consistency (or more physically by the Dirac quantization condition of fluxes in each component of the quarks). Therefore, we did not set the dynamical field of SU(Nc) to be zero from the beginning. However, in the present paper we only consider topologically trivial bundles and hence this subtlety does not matter. Now we can describe the WZW term. From the above fact that A U L L and A U R R transform in the same way, it makes mathematical sense to consider a one-parameter family of gauge fields
R . Explicitly, we may just take
although it is not necessary. Now let F t = dA t + A 2 t be the field strength of
we can rewrite the 6-form I 6 as
where D t = d + A t in the third line is the covariant exterior derivative and we have used the Bianch identity D t F t = 0. We have defined the Chern-Simons 5-form as
(3.14)
The d in the last line of (3.13) is the exterior derivative. Notice that I 5 is manifestly gauge invariant. By using it, the WZW term can be given as follows. Let M 4 be the 4-dimensional spacetime, and let N 5 be a 5-dimensional manifold whose boundary is M 4 , i.e.
Then we define the WZW term as
This is gauge invariant as mentioned above. The reason that this definition makes sense will be discussed below. We have defined the WZW term by using the hidden local symmetry. The advantage of using the hidden local symmetry is that it can be generalized to other gauge theories, such as SO(N c ) and Sp(N c ) gauge theories; see Appendix C of [13] . However, in the present case, we can fix the gauge associated to the hidden local symmetry SU(N f ) H as follows.
we can fix the gauge as
R as in (3.6) . Because I 5 is completely gauge invariant, it is allowed to use this gauge fixing. We will use it in the following. In particular, A Now we argue that it is independent of the pion field U modulo 2πi. Let us take another U , and compare the integral X
We introduce a six dimensional manifold Z 6 := [0, 1] × X 5 , where [0, 1] is parametrized by t. The exterior derivative on it is given by d = d + dt · ∂ t , where d is the exterior derivative on X 5 . We can regard A t as a gauge field on Z 6 where t is the coordinate of [0, 1]. The field strength of A t on Z 6 is given by, 20) where F t is the field strength of A t when it is regarded as a gauge field on X 5 for fixed t.
We can now rewrite the equation (3.19) as
Moreover, the gauge field A t at t = 0 and t = 1 only differs by a gauge transformation U −1 U and hence we can glue t = 0 and t = 1 to make Z 6 a closed manifold. Then the above integral (3.21) is integer by Atiyah-Singer index theorem in 6-dimensions. This proves that the difference of 2πi X 5 I 5 between U and U is only integer multiples of 2πi which is irrelevant in the action. Therefore, we have shown that 2πi X 5 I 5 mod 2πi is independent of U . By the above discussion, we have shown that our definition of the WZW term 2πi N 5 I 5 satisfies the condition that its U dependence does not depend on how to take the 5-dimensional manifold N 5 with ∂N 5 = M 4 . If it were completely independent of N 5 , we can say that the WZW term would depend only on M 4 . However, the 2πi N 5 I 5 still depends on how to take the manifold N 5 via the fields A L and A R . This is exactly the modern understanding of anomalies in general (see [132] and references therein). Namely, the definition of the path integral depends on manifolds N 5 , but the dependence is only through the background fields and this dependence is the anomaly of the corresponding symmetries. In other words, the anomaly is characterized by the symmetry protected topological (SPT) phase in five dimensions whose partition function is given by exp(2πi X 5 I 5 ). Therefore, our definition of the WZW term is in accord with the modern understanding of anomalies, and the WZW term reproduces the perturbative anomaly represented by the anomaly polynomial I 6 .
Our definition of 2πi N 5 I 5 is gauge invariant but depends on N 5 , in accord with the modern understanding. However, it is also possible to make it independent of N 5 (for topologically trivial cases) at the cost of introducing gauge non-invariance. That is more close to the old understanding of anomalies. See Appendix A of [133] for the details of these points. But we remark that the dependence on N 5 is more fundamental when we consider global anomalies.
Finally, let us check that the above definition of the WZW term coincides with the textbook definition when the background fields A L,R are zero. If A L = A R = 0 (and hence A U L = U −1 dU ), then by a straightforward computation one can check that (3.14) gives 2πi
where tr is the trace over both the color and flavor (in the representation of the quarks), and tr f is the trace only over the favor. This is the standard expression for the WZW term in the absence of the background fields.
Baryon imaginary chemical potential in the chiral Lagrangian
The gauge fields A L and A R are decomposed as (3.3). By expanding the anomaly polynomial I 6 , we get a term
(3.23)
By the procedure explained above, we see that the 5-form I 5 contains a term
which satisfies
(3.26)
Now we consider the following more specific situation. When we are interested in thermodynamics, we consider a 4-manifold M 4 of the form 27) where S 1 is the thermal circle of circumference β = T −1 , and M 3 is a 3-manifold. Moreover, we take the baryon background field with a constant holonomy around S 1 as in (2.10),
We take all the other fields A L,R and U to depend only on M 3 and they are constant in the direction S 1 . In this situation, we can take
where D 2 is a two dimensional disk with the boundary ∂D 2 = S 1 , and
Therefore, the WZW term is reduced as 2πi
In the case of zero background fields A L = A R = 0, we get
The integral M 3 1 24π 2 tr f (U −1 dU ) 3 is quantized to be integers in the absence of the background fields. Thus we get the following conclusion. The imaginary baryon chemical potential µ B plays the role of a θ angle in the effective theory of the 3-dimensional sigma model described by U which is obtained from the dimensional reduction of the 4-dimensional sigma model. The quantization implies that µ B dependence has a periodicity µ B ∼ µ B + 2π.
The expression (3.30) itself could be more easily derived if we use the following fact. In the chiral Lagrangian, the baryon current J B (which we take to be a 3-form) is given by the topological current given by [125, 126] 
and the baryon charge is given by Q B = M 3 J B . Therefore, the imaginary chemical potential appears as (see (2.9))
However, in the above discussions we have derived the more complete expression (3.29) which incorporates nonzero background fields. This is essential for our purposes below. 7 The current (3.31) was originally derived from the considerations of the WZW term and the anomaly as discussed above. So the following discussion is not independent from the discussions given above.
Three dimensional effective field theory and parity anomaly
Let us summarize what we have found above. In four dimensions, we have the chiral Lagrangian given by (3.1). We put the system at finite temperature T = β −1 with the imaginary baryon chemical potential µ B . This means that we compactify the theory on S 1 with circumference β and the holonomy S 1 iA B = µ B . If the temperature is lower than any critical temperature, we obtain the three dimensional effective theory given by
The second term plays the role of a θ angle θ = µ B for the three dimensional sigma model described by U ∈ SU(N f ). The term M 3 I 3 is completely gauge invariant. It has the following alternative description which will be convenient for later purposes. Let A t be one-parameter family of gauge fields on M 3 with A t=0 = A R and A t=1 = A U L . We can consider it as a gauge field on a 4-dimensional manifold 
where F t is the field strength when we regard A t as a gauge field on M 3 for fixed t. Then we have
Now we focus our attention to the Roberge-Weiss point
At this point, there is a parity (or more precisely reflection or time-reversal) symmetry if the background fields are turned off. In three dimensions, we consider a reflection R of one of the coordinates, say x 3 , as x 3 → −x 3 . In the full four dimensional manifold, it is actually a rotation of (x 3 , x 4 ) plane where x 4 is the direction of the thermal circle S 1 , as in (2.14). Let us see how this reflection invariance is realized in the chiral Lagrangian. The reflection changes µ B as
Therefore, at µ B = π, the change of the chiral Lagrangian is given as
where in the equality we have set the background fields A L and A R to be zero for the moment. (We will soon recover them.) Because of the quantization of the topological charge M 3 1 24π 2 tr f (U −1 dU ) 3 ∈ Z, the above change of the chiral Lagrangian is just integer multiple of 2πi which does not affect the exponential of the action. Therefore, this is a symmetry of the three dimensional effective theory.
Next let us introduce the background fields A L and A R . The change of the effective action under the reflection x 3 → −x 3 (and x 4 → −x 4 ) is given by
where we used (3.35). First, we note that 2πiI 3 is independent of U modulo 2πiZ. The proof is completely analogous to the proof that 2πi X 5 I 5 mod 2πi is independent of U as was shown in Sec. 3.1, so we do not repeat it. Now, to make the expression simpler, we assume that A L and A R are topologically trivial. We define
For topologically trivial A L and A R , the Stokes theorem gives
where we have used CS(A U L ) = CS(A L ) mod 2πi. It is indeed independent of U . Moreover, this is nonzero and gives the anomaly of R. This anomaly in the sigma model at µ B = π is somewhat analogous to the anomaly found in gauge theories with topological θ angle at θ = π [11, 134] , because µ B plays the role of a θ angle in our sigma model.
The above computation (3.41) reproduces the parity anomaly (2.20). As in Sec. 2, we can also introduce a counterterm (2.27) with K = 1 to recover the invariance under R, but then the gauge invariance is spoiled. We have confirmed that QCD at very high and very low temperatures indeed satisfy the 't Hooft anomaly matching condition. This anomaly must be matched also at intermediate temperatures, and that gives constraints on the nature of QCD phase transition.
Implications for QCD phase transition
In the previous sections, we found an 't Hooft anomaly of global symmetries. It is a mixed anomaly between Z center 2 = {1, R} defined in (2.14) and SU(N f ) L × SU(N f ) R . Here we would like to discuss implications of the anomaly for the QCD phase transition.
The effect of imaginary chemical potential
To make the concept of confinement well-defined, we have introduced the imaginary chemical potential µ B = π. What we are most interested in is the zero chemical potential case µ B = 0, 8 although µ B = π is theoretically very interesting because of the well-definedness of confinement. Therefore we want to estimate the effect of nonzero µ B .
In the large N c expansion, the effect of µ B is suppressed by powers of 1/N c . Let us define the thermal free energy density by
where V 3 is the volume of the spatial manifold M 3 . First of all, gluons contribute to the thermal free energy F by the order of N 2 c and quarks contribute N c N f . They are just the numbers of degrees of freedom of these fields. The µ B is coupled to quarks as
Here we used the fact that the baryon number of the quarks is 1/N c . Moreover, the reflection along the S 1 direction x 4 → −x 4 implies that the free energy depends only on even powers of µ B (assuming it has power expansion around µ B = 0), because F (T, µ B ) must be invariant under µ B → −µ B . Combining these facts with the standard large N counting, we can estimate that the effect of µ B to the free energy is of order
This estimate is valid even if N f is comparable to N c . Therefore, the free energy has the following N c and N f dependence:
where the first term comes from gluons, the second term comes from quarks, and the third term is the effect of µ B . This is the situation at high enough temperatures, and we will give more explicit values later. We can see that the term containing µ 2 B is suppressed by multiple powers of 1/N c .
At low enough temperatures after confinement, the only light degrees of freedom are the pions (i.e. Goldstone bosons of the chiral symmetry breaking). Any particle which has nonzero baryon charge has a mass larger than the lowest baryon mass (i.e. the proton mass in the real world) which we denote as M B . Then the free energy is of the form
−M B /T (e iµ B + c.c.) (4.5) where N B is the number of degrees of freedom of the lowest mass baryon. The baryon mass behaves as M B ∼ N c Λ in the large N c expansion [135] , where Λ is the typical scale of the strong dynamics. As far as the temperature is below this typial scale T < ∼ Λ, the Boltzmann suppression factor e −M B /T gives an exponential suppression. Therefore, the term containing µ B is exponentially suppressed in the large N c limit.
We conclude that at any temperature, the effect of µ B is suppressed at least in the large N c limit. In QCD with N c = 3 and 2 < ∼ N f < ∼ 3, the large N c analysis works at least qualitatively at zero temperature, explaining many phenomena in QCD phenomenology (see e.g. the first few sections of [135] for a review). So it is reasonable to hope that µ B does not have significant effects on the thermodynamics in the case of N c > ∼ 3 and N f < ∼ N c . Let us give a bit more numerical estimate in the high temperature limit. As a preparation, we define a function f (T, µ) as
This function is not completely smooth at µ = π mod 2π. Suppose that we have a massless particle and its anti-particle which are coupled to Wilson line with S 1 iA = µ. Then the free energy of that particle is, neglecting interactions, given by
When µ = 0, one can check that it reproduces the standard free energy. If the anti-particle is the same as the particle itself, we divide it by 2 and set µ = 0. The difference between µ + π for bosons and µ for fermions comes from the fact that fermions have anti-periodic boundary conditions. The periodic boundary condition for fermions can be realized by replacing µ by µ + π, although for our applications we only need the anti-periodic case. 9 Let us consider the case of QCD. Suppose that the gauge field A C + 1 Nc 1 Nc A B which appears in (2.11) is diagonal and is given by
The a i must satisfy the constraint
Then the free energy of QCD for a fixed set {a i } is given by
9 As a check, for the periodic case, the contribution of a boson is exactly negative of that of a fermion, which should be the case if the theory is supersymmetric.
where the gluon contribution F gluon (T, {a i }) and the quark contribution F quark (T, {a i }) are given by (see (4.8))
The actual free energy (at the leading order of perturbation theory) is given by minimizing this free energy under the condition (4.10). The gluon part has the minimum at
where n ∈ Z is an integer. Notice that the center symmetry acts as n → n + 1 and hence different values of n are related by the center symmetry in the absence of the quarks. At least in the large N c limit we just need to minimize the quark contribution with respect to n. If 0 ≤ µ B < π we find that there is a unique minimum at n = 0. However, if µ B = π, there are two minima at n = −1 and n = 0. These two minima are related by the symmetry R given in (2.14). Therefore, the symmetry Z center 2 = {1, R} is spontaneously broken at high temperatures.
The free energy at n = 0 is given by
and
These are really of the form (4.4) which we argued based on the large N c counting.
Taking the ratio of the free energy at µ B = 0 and µ B = π, we get
. . On the other hand, for (N c , N f ) = (2, 2), we get r 0.65. In this case, a more serious problem is as follows. For SU(2) gauge group, the fundamental and anti-fundamental representations are the same and the chiral symmetry is enhanced to SU(2N f ). At low temperatures the lightest baryons are actually Goldstone bosons of spontaneously broken symmetry SU(2N f ) → Sp(N f ). Thus they are massless and µ B should have large impact on the dynamics if N c = 2. For N c > ∼ 3, we can hope that µ B has only sub-leading effects.
Possible senarios of QCD phase transition
Because of the difficulty of analytical studies of QCD phase transition, it is often assumed that the idea of universality can be applied to it based on the chiral symmetry [3] . The idea is as follows. We define meson scalar field as
where ψ L is the left-handed quarks, ψ R is (the complex conjugate of) the right-handed quarks, and the color and spin indices are contracted while the flavor indices are not. Thus Φ is an N f × N f matrix on which the chiral symmetry transformation (
After the chiral symmetry breaking Φ = 0, this meson field Φ is represented by the Goldstone field U as Φ ∝ U . Assuming that Φ is the most important order parameter of the chiral symmetry breaking, we may try to describe the phase transition by an effective field theory based on a linear sigma model of Φ,
where ellipses denote terms of higher powers of Φ. Below the critical temperature of chiral phase transition T chiral the mass term is negative, and Φ gets a vacuum expectation value (VEV) which spontaneously breaks the chiral symmetry. Above the critical temperature T ≥ T chiral , the mass term becomes non-negative and the chiral symmetry is restored. This is the argument based on universality. If this argument is really true, it is belived that the phase transition for the two flavor case N f = 2 is second order phase transition. 10 If so, small quark masses can make the second order transition to just a cross-over without a clear phase transition. This argument is incoorporated in the standard Columbia plot of QCD phase diagram; see e.g. [8] for a review. Based on the anomaly which we found in the previous sections, we would like to argue that the above picture of QCD phase transition is quite disfavored, if large N expansion is qualitatively good. Roughly, the argument is that the effective theory (4.21) does not have the parity anomaly and hence fails the anomaly matching condition. First we consider the case µ B = π and then discuss the case µ B = 0 later. We always assume that N c ≥ 3 in the following.
µ B = π
In the case µ B = π, it is crucial to notice that there is the important symmetry other than the chiral symmetry; the symmetry Z center 2 = {1, R} where R was defined in (2.14). As explained in Sec. 2.1, this symmetry Z center 2 involves the center symmetry transformation 10 If the anomalous axial U(1)A symmetry is effectively restored, this conclusion may change [4] [5] [6] [7] . 
? broken W C → e 2πi/Nc W C of the gluonic degrees of freedom, and hence it can be used as a criterion of confinement and deconfinement. Namely, if Z center 2 is spontaneously broken, we consider the phase as a deconfining phase. Indeed, as seen in the previous subsection, this symmetry is spontaneously broken at very high temperatures. Near zero temperatures, it is just a part of the four dimensional Lorentz group and hence it is unbroken. So there must be a phase transition which is a confinement/deconfinement phase transition.
We assume that the chiral symmetry is spontaneously broken at low temperatures. This is a reasonable assumption if the flavor number is not so large, N f < ∼ N c . Then there is also a chiral phase transition related to the chiral symmetry breaking/restoration.
We denote the critical temperatures associated to the symmetries Z center 2 and SU(N f ) L × SU(N f ) R as T center and T chiral , respectively. They can coincide as T center = T chiral (and we will argue that this may be the most natural case with a first order transition at that temperature). However, in principle these critical temperatures can be different. Logically it is also possible to have more than two critical temperatures which are not required by the symmetries, but we regard such possibilities as unlikely and just consider T center and T chiral .
The situation is summarized in Table 1 . The parity anomaly found in the previous sections is a mixed anomaly between Z center 2 and SU(N f ) L × SU(N f ) R . First, let us suppose that T chiral < T center and see what is required in this case. In this case, both the Z center 2 and SU(N f ) L × SU(N f ) R are unbroken at the intermediate temperature T chiral ≤ T ≤ T center . Then we need to have some degrees of freedom which match the anomaly. See Figure 3 .
For generic global anomalies there is a possibility that the anomaly is matched by topological quantum field theory (see e.g. [136] [137] [138] [139] [140] [141] [142] [143] [144] for the case of relativistic quantum field theory and more references therein for condensed matter contexts). However, in the case of parity anomaly we need massless propagating degrees of freedom rather than topological quantum field theory which can be argued by a simple modification of the argument given in section 5 of [140] . If the symmetry is unbroken, we need massless fermions for the anomaly matching.
First of all, the effective theory (4.21) of chiral symmetry restoration is not possible because the linear sigma model described by Φ does not have the parity anomaly. In the non-linear sigma model of Sec. 3, the topological term (3.30) was crucial for the anomaly matching, and this term is possible by the nontrivial target space topology of the sigma model. Therefore, the standard assumption (4.21) based on linear sigma model is excluded. To take into account the anomaly, we may introduce fermions λ L and λ R which are in the fundamental representation of SU(N f ) L and SU(N f ) R , respectively. Then we introduce a yukawa-like coupling between these fermions and Φ as
When the symmetry is broken by the VEV of Φ, these fermions λ L,R get masses from this coupling. On the other hand, when the symmetry is restored, they become massless and may account for the parity anomaly. However, the scenario above has the following flaw. It is reasonable to assume that the color degrees of freedom are confined in the three dimensional effective theory. This is because the three dimensional SU(N c ) gauge fields (A C ) i (i = 1, 2, 3) after the reduction on S 1 is strongly coupled. 11 So we assume that the color is confined and λ L , λ R are gauge singlets. In Sec. 2 we discussed that the symmetry (sub)group of the theory is (2.6) and in particular any gauge invariant quantity must be invariant under the element c 2 defined in (2.8). Now suppose that the greatest common divisor gcd(N c , N f ) between N c and N f is nontrivial,
which is a nontrivial element when gcd(N c , N f ) = 1. Then, regardless of the baryon charges of λ L,R , these fermions transform nontrivially under c 3 because they are in the fundamental representation of SU(N f ) L,R . This is a contradiction. Therefore, if gcd(N c , N f ) = 1, the above scenario is excluded. This is in perfect agreement with the results of [17] . In that work, a very nontrivial anomaly was found under the condition gcd(N c , N f ) = 1 which cannot be matched by fermions alone. Here we got the same conclusion as in [17] by a different (but closely related) argument. If gcd(N c , N f ) = 1, the above argument cannot be directly applied. However, it is unlikely that the order of T chiral and T center changes depending on the precise value of gcd (N c , N f ) . For example, consider the case N c = 15. Is it possible that T chiral < T center for N f = 4 but T chiral ≥ T center for N f = 3 and N f = 5? We do not see such kind of sensitivity on gcd(N c , N f ) in the dynamics of exactly solvable theories such as supersymmetric QCD (see [145] for a review). Therefore, the above scenario is very unlikely even if gcd(N c , N f ) = 1 at least for generic values of (N c , N f ) .
There are more reasons to think that the above scenario is unlikely. For generic values of (N f , N c ) , the baryon charges of λ L,R must be taken to be some peculiar number to satisfy the condition that they are invariant under c 2 . So we must demand that some baryons with complicated baryon charges become massless for the above scenario to be realized.
Moreover, if N c is even, all gauge invariant quantities are bosonic. Then the fermions λ L,R cannot exist if they are gauge singlets.
Therefore, we expect that for generic (N c , N f ) the above scenario is very unlikely. It could still happen that for some special N f given by some critical value N * f (N c ) which is a function of N c , the above scenario in terms of the λ L,R is realized. For example, in supersymmetric QCD, it happens at N * f (N c ) = N c + 1 in which case T chiral = 0 while the color is still confined. We do not know such a critical value N * f (N c ) in non-supersymmetric QCD, but notice that there is a difference from the case of supersymmetric QCD, because it is impossible to have fermions if N c is even as mentioned above.
In the usual (non-supersymmetric) QCD, chiral symmetry breaking may happen at least for N f ≤ N c . (It can of course happen for larger N f , but the range N f ≤ N c might be safe from the experience of the real world N f < ∼ N c = 3 as well as the results in supersymmetric QCD.) It is very likely that in this range of color and flavor numbers we have T chiral ≥ T center .
There may be a way to avoid the above conclusion if we are willing to accept that some gauge degrees of freedom (in the three dimensional sense (A C ) i=1,2,3 ) are not confined. For example, suppose that there is a U(1) gauge field in three dimensions, (A U(1) ) i (i = 1, 2, 3) which is not confined, and that λ L , λ R have charges ±1 under this U(1). Then these fermions are not gauge singlets anymore, and the action of c 2 can be compensated by U(1) gauge transformations. It is possible to see that such a scenario is consistent with the anomaly as follows. Suppose that the Wilson line W quark has a VEV of the form
Such a configuration is not a potential minimum at high temperature regime, but for the sake of considering just the anomaly, we neglect that issue. The three dimensional SU(N c ) gauge group is spontaneously broken to SU(N c − 1) × U(1) by the above VEV of W quark , and after confinement of SU(N c − 1) we get a U(1) gauge field. The components of the quarks which are coupled to the eigenvalue (−1) of W quark give massless fermions coupled to the U(1) and they contribute to the anomaly as is clear from the derivation of the anomaly in Sec. 2. Therefore, as far as the anomaly is concerned, it is possible that we have the fermions (λ L , λ R ) coupled to a U(1) gauge field. This (and other more complicated scenarios) remain as a logical possibility, but this is a rather exotic scenario. Moreover, it is not clear whether the U(1) can really remain deconfined or not, because it is strongly coupled for small N f . 12 Therefore, we assume that this does not happen and hence T chiral ≥ T center in the following. Indeed, the inequality T chiral ≥ T center was seen [148] in a holographic model of QCD [149] . There is a one parameter family of such holographic models, and depending on the parameter we can realize both of the cases T chiral = T center and T chiral > T center . The holographic QCD contains several degrees of freedom which were not present in the QCD, and those degrees of freedom may be responsible for the difference.
In fact, it is easy to realize the inequality T chiral > T center without changing the anomaly by considering the following simple toy model. Let us add to the QCD an elementary scalar field S which is an N f × N f matrix and transforms under (
R . We may introduce a yukawa coupling tr f (S † ψ L ψ R ) between the elementary scalar S and the quarks ψ L and ψ R . By changing the potential V (S) of the scalar field S, we can break the chiral symmetry at an arbitrary scale S . We may take the scale to be much larger than the dynamical scale Λ of the gauge theory. In this way we can realize the situation T chiral > T center . This is possible since we have two independent scales S and Λ. The parameter mentioned above in the holographic QCD might be something like the VEV S which can be taken independent of Λ.
However, in the absence of such elementary scalar fields, it may be more natural to have the situation T chiral = T center by the following reason. Suppose contrary that we have T chiral > T center as in Figure 4 . Recall that T center can be interpreted as the temperature of confinement/deconfinement phase transition. Then, T chiral > T center means that the chiral symmetry is broken in the deconfinement phase. If we introduce elementary scalar fields S as above, it is easily realized. However, in the absence of such scalars, the chiral symmetry should be broken by quark condensates. Intuitively, the quarks and anti-quarks are not so strongly bounded in the deconfinement phase and it is difficult to imagine that the quark condensation occurs in such a deconfinement phase. Although T chiral > T center is allowed by the anomaly, it is rather exotic. Therefore, the possibility T chiral = T center is more natural in the QCD which contains only the dynamical scale Λ as a parameter. The fact that the holographic QCD realizes such a case at least for certain parameter range [148] is an evidence for this claim. Therefore we may consider T chiral = T center as the most natural possibility, and denote this temperature as
(4.25) 12 The U(1) gauge theory has the topological symmetry which is not present in the full theory, and it is natural to break them by introducing monopole operators in three dimensions. Such monopole operators, if relevant in the RG sense, may force the U(1) theory to confine. In that case, the fermions λL,R are confined at long distance scales and the above scenario of deconfined U(1) is not realized. At least in the large N f expansion, the dimension ∆ of monopole operators is quite small; for the minimal charge monopole operators, the dimension is given by [146, 147] This is the single critical temperature.
Finally, we need to ask whether the phase transition at T c is first order or second order. If it is second order, the situation is actually not so different from the case of T chiral < T center which we have discussed above. The reason is that at T = T c both of the symmetries Z center 2 and SU(N f ) L × SU(N f ) R are preserved because a second order phase transition is continuous (though not smooth) and these symmetries are unbroken at either T < T c or T > T c . Therefore, we need massless fermions like λ L and λ R which are coupled to a U(1) gauge field, or more exotic degrees of freedom. Even worse, T chiral = T center seems to be fine-tuning once we accept the appearance of λ L,R , because we can match the anomaly even if T chiral < T center in that case. There seems to be no particular reason that T chiral and T center coincides. Therefore, we regard a second order transition at T c as unlikely for generic values of (N c , N f ).
By the above arguments, we conclude that the most natural scenario may be a first order phase transition at the single critical temperature (4.25) as in Figure 5 . This is what was discussed in [17] . Of course, each of the above steps relies on some intuition about strong dynamics, and some exotic possibilities could be realized if such intuition is violated. It would be very interesting to investigate these points further.
µ B = 0
Let us next move to the case µ B = 0. We argued above that a first order phase transition at a single critical temperature T c is the most natural possibility, at least for generic (N c , N f ) with N f < ∼ N c . We assume that this is the case. Can this conclusion change if we vary the value of µ B ?
We have seen in the previous subsection that the dependence of the free energy on µ B is given by (4.4) at high temperatures. From this, we can also see that the entropy (defined chiral symmetry broken deconfinement Either (i) first order, or (ii) second order with complicated DOF broken Figure 5 . The case T chiral = T center . A first order phase transition is natural. If it is second order, some complicated massless DOF must appear at the critical temperature to match the 't Hooft anomaly.
formally as S = −(∂F )/(∂T )) behaves as
The point is that µ B only changes the entropy by an order of N f /N c . On the other hand, in a first order phase transition, it is natural to think that the entropy changes by an order N 2 c if N f < ∼ N c . 13 For example, in the high and low temperature limits we have S ∼ c high N 2 c for T Λ from gluons and S ∼ c low N 2 f for T Λ from Goldstone bosons with different numerical coefficients c high = c low . So let us assume that the entropy changes by an order of N 2 c . Compared to the change of the entropy ∆S ∼ N 2 c in the phase transition, the effect of the imaginary chemical potential (N f /N c )µ 2 B is sub-leading in the large N expansion. This is true even if the flavor number N f is comparable to N c , N f ∼ N c . Therefore, it is natural to think that the imaginary chemical potential does not change the qualitative behavior of what we have found above, at least in the large N c limit.
We conclude that the first order phase transition is the most natural possibility even for the case µ B = 0. This argument is more solid for larger values of N c . The value of interest in the real world, N c = 3, is a marginal value because N c = 2 and N c ≥ 3 has different qualitative structure (e.g. whether the anti-fundamental representation of SU(N c ) is the same as the fundamental representation). The qualitative success of large N c expansion in QCD phenomenology suggests that we should take large N c analysis seriously, as emphasized in [135] . 13 The reason that we use the entropy rather than the free energy is that the free energy F is the same just before and after the phase transition (because the true phase is obtained by finding the point which minimizes F , and the phase transition occurs when there are two points with the same minimum value of F ). For example, in the large Nc limit of N = 4 super-Yang-Mills on S 3 , the free energy becomes F ∼ 1 at the critical temperature Tc, but the entropy is of order N There is some analogy between QCD at finite temperature with µ B = π and pure YangMills at finite temperature with θ = π. In the case of pure Yang-Mills, the relevant symmetries (in three dimensions after compactification on the thermal circle S 1 ) are time-reversal symmetry T, zero-form center symmetry Z center
Nc
, and one-form center symmetry Z center(1) Nc . There is a mixed anomaly among these three symmetries which severely constrains the nature of thermal phase transition [11] . We assume that the one-form center symmetry is always unbroken, and in the following, the zero-form center symmetry is just called the center symmetry. We denote the critical temperatures associated to the symmetries T and Z center Nc as T T and T center , respectively. The time-reversal is preserved at high temperature T > T T and broken at low temperature T < T T . The center symmetry is broken at high temperature T > T center and preserved at low temperature T < T center . Therefore, in the analogy with QCD, the time-reversal corresponds to SU(N f ) L × SU(N f ) R , and Z center Nc corresponds to Z center 2 . For the pure Yang-Mills at θ = π, let us repeat the argument we have given above for QCD. First of all, suppose that T T < T center . Then all the symmetries are preserved at T T ≤ T ≤ T center , and we need complicated degrees of freedom to match the anomaly. In fact, if we assume only the degrees of freedom which are naturally expected from the Yang-Mills, it is not possible to match the anomaly as discussed in detail in [11] . Therefore, it is very likely that T T ≥ T center .
Next, let us ask whether T T > T center is natural or not. Recall that T center is the temperature of confinement/deconfinement phase transition. Then, if the inequality T T > T center is satisfied, that means that the time-reversal is broken in the deconfinement phase in the temperature range T center < T < T T . In pure Yang-Mills theory, one of the natural order parameters for the time-reversal at zero temperature is the parity odd glueball operator G A = tr c (F µν F ρσ ) µνρσ . In fact, in the Euclidean path integral at zero temperature,
where Z is the partition function and V (θ) is the vacuum energy as a function of θ. At least in the large N c limit, this potential behaves as V (θ) ∝ θ 2 [14, [151] [152] [153] [154] and hence G A = 0.
However, there is a subtlety which was not present in QCD. Although G A is the most natural order parameter at zero temperature, the 't Hooft and dyonic line operators wrapped on the thermal circle S 1 are also good order parameters at finite temperature [11] . To pursue the analogy with the QCD, we neglect this subtle issue and regard G A as the most relevant order parameter. Assuming this, the intuitive picture of the time-reversal breaking is that there is gluon condensation; from a pair of gluon fields F µν and F ρσ , we make the operator corresponding to the bound state of the gluons as G A = tr c (F µν F ρσ ) µνρσ . The time-reversal is broken by the condensation of this bound state. However, if the inequality T T > T center holds, that implies that we have the condensation of gluons even in the deconfinement phase. This is counter-intuitive. Therefore, we regard this scenario to be unlikely, up to the subtlety discussed above. Then T T = T center may be more natural and we assume it in the following.
Suppose that the phase transition at T c := T T = T center is second order. Then all the symmetries are preserved at T = T c and we need complicated degrees of freedom to match the anomaly. As discussed for the case T T < T center , we regard such complicated degrees of freedom to be unlikely. Therefore, we conclude that a first order phase transition at T c is the most natural possibility. Finally let us change the value of θ. By the standard large N c counting [151] [152] [153] , the effect of θ to the partition function and hence the entropy is at most
The actual effect is more suppressed, but that is not necessary for our purposes here. The point is that the dependence on θ is just a sub-leading effect in the large N c expansion. On the other hand, in the first order deconfinement phase transition, it is natural to consider that the entropy changes by the order of N 2 c . Therefore, it seems unlikely that the value of θ affects the qualitative behavior of the first order phase transition if the large N c expansion is qualitatively good.
From the above considerations, we conclude that a first order phase transition is the most natural possibility even at θ = 0, if large N c expansion is qualitatively good. This is what is strongly believed to be the case. For an explicit lattice simulation, see e.g. [155] , where first order transitions are seen for N c ≥ 3. In holographic models, deconfinement phase transitions are always first order because they involve the change of the spacetime topology (see e.g [148, 150] ). Notice that the first order transition for large N c pure Yang-Mills at θ = 0 may not follow from the argument of universality. Most naively, in the large N c limit the symmetry Z center Nc becomes effectively U(1), and the Polyakov loop operator L is the order parameter of this symmetry, so the universality class might seem to be that of O(2) Wilson-Fisher fixed point with the effective Lagrangian of the form L ∼ |∂ i L| 2 − (T − T c )|L| 2 + |L| 4 . This is not the case in large N c pure Yang-Mills.
Therefore we have "successfully shown" the first order phase transition of large N c pure Yang-Mills theory from considerations of the anomaly and the large N expansion. Of course, as in the case of the discussions in QCD, each of the steps of the discussions was not rigorous, and in particular there was an additional subtlety in pure Yang-Mills related to the order parameter of the breaking of T as discussed above. But this "success" might give some confidence that the discussions given above for the case of QCD is in the right direction. Obviously more detailed studies from various directions would be desirable.
Discussion
The real QCD has two well-known small expansion parameters:
• The masses m q of the light quarks q = u, d, (s).
• 1/N c , where N c = 3.
At least at zero temperature, they are known to be good expansion parameters. Here, "good" means that arguments based on the expansion about them explain many qualitative (even if not quantitative) properties of QCD dynamics at zero temperature.
In this paper, the large N c expansion has appeared in the discussions of how the thermodynamics depends on the imaginary baryon chemical potential µ B . We mainly discussed the point µ B = π to make the concept of confinement well-defined, but the effect of µ B is highly suppressed in the large N c expansion. Also, we focused our attention to m q = 0.
In the applications of QCD phase transition to early cosmology, we are interested in the physical quark masses m q = 0 and zero imaginary chemical potential µ B = 0. This physical situation is the same at the leading order of expansion to the situation we have studied in this paper, m q = 0 and µ B = π. The difference appears only at sub-leading orders in the expansion. The small parameter m q explicitly breaks the symmetry SU(N f ) L × SU(N f ) R , and the small parameter (π − µ B )/N c explicitly breaks the symmetry Z center 2 . Now we can distinguish two cases of phase transition: first order or second order.
• If the phase transition is second order, then at the critical temperature, we have gapless degrees of freedom at (m q , µ B ) = (0, π) which are associated to the symmetries SU(N f ) L × SU(N f ) R and Z center
2
. These gapless degrees of freedom get masses by small explicit-breaking parameters m q or (π − µ B )/N c , and the phase transition becomes cross-over.
• If the phase transition is first order at (m q , µ B ) = (0, π), the order of the phase transition may not change as far as the parameters m q and 1/N c are good small expansion parameters.
The 't Hooft anomaly discussed in this paper constrains the nature of phase transition at (m q , µ B ) = (0, π). There are still many logical possibilities allowed by the anomaly, some of which are shown in Figures 3, 4 , and 5. Based on some reasonable intuition about strong dynamics, we have argued that a first order phase transition in Figure 5 may be the most natural scenario. If so, the phase transition at the physical point m q = 0 and µ B = 0 may also be first order if m q and 1/N c are good expansion parameters. In other words, if the QCD phase transition at the physical point is cross-over, some of the assumptions about QCD which are reasonable at zero temperature (e.g. expansion in terms of m q and 1/N c ) must be violated at finite temperatures. It is an important problem to settle this issue. For the approximate concepts of chiral symmetry and confinement/deconfinement to be useful in QCD, the parameters m q and 1/N c must be regarded as small.
